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Abstrat
Prompted by the reent more preise determination of the basi osmologial parameters and growing
evidene that the matter-energy ontent of the universe is now dominated by dark energy and dark matter
we present the general solution of the equation that desribes the evolution of density perturbations in
the linear approximation. It turns out that as in the standard CDM model the density perturbations
grow very slowly during the radiation dominated epoh and their amplitude inreases by a fator of
about 4000 in the matter and later dark energy dominated epoh of expansion of the universe.
1 Introdution
During the last deade the possibilities of observing the universe have substantially inreased. Larger and
better telesopes, more sensitive CCD ameras and high resolutions spetrographs have been built. These
advanes enabled more thorough investigation of the ontent of the universe and more aurate determination
of the basi osmologial parameters. Reently undertaken projet of measuring the Hubble onstant and
the deeleration parameter by using the type Ia supernovae as standard andles lead to surprising results.
It turned out that the distant supernovae appear to be fainter than expeted and in order to reonile
observations with theoretial expetations it is neessary to introdue the osmologial onstant or dark
energy as the dominant onstituent of the present universe. The origin and nature of the dark energy is not
know and therefore in what follows we assume that it an be assoiated with the osmologial onstant.
By now there is a solid evidene that large fration of the total mass of galaxies and lusters of galaxies
is in the form of non baryoni dark matter of unknown nature and omposition. Existene of dark matter
has been also onrmed by independent studies of the motion of galaxies and their spatial distribution and
results of high redshift galaxy surveys (for example, 2dF and SDSS).
Reently released data on the anisotropy of the osmi mirowave bakground radiation by the WMAP
team when ombined with observations of the type Ia supernovae at high redshifts and observed properties
of lusters of galaxies and galaxy surveys are all onsistently determining the basi osmologial parameters
leading to what some already all the Standard Cosmologial Model [1℄.
It is ustomary to express the density of dierent omponents of the universe in terms of the ritial
density ̺crit =
3H20
8πG
, where H0 is the present value of the Hubble onstant and G is the gravitational
1
onstant. So we have
Ωm =
8πG
3H20
̺m, Ωr =
8πG
3H20
̺r, Ωk = − kc
2
H20a
2
0
, and ΩΛ =
Λc2
3H20
, (1)
where ̺m and ̺r are orrespondingly the present density of matter and radiation inluding relativisti
partiles, k is the urvature parameter (+1, 0, −1), a0  the present value of the sale fator, and Λ  the
osmologial onstant (dark energy).
The fundamental parameters of the most popular osmologial models onsistent with all sets of obser-
vational data, an be taken as
Ωmh
2 = 0.134± 0.006, ΩΛ = 0.73± 0.04, Ωk ≈ 0,
Ωrh
2 = 2.47× 10−5, and H0 = 71± 4 km·s−1·Mp−1 = 100h km·s−1·Mp−1 .
It is interesting to note that ΩBh
−2 = 0.023± 0.001, and it is muh less than Ωm and moreover only small
fration of baryons is luminous Ωlum = (0.003 ± 0.001)h−1. It has been established that neutrinos are not
massless but they have a small rest mass of the order of 0.02 eV and therefore if they deoupled from the
state of thermodynami equilibrium while relativisti their ontribution to the density of relativisti partiles
is Ωνh
2 =
∑
mi
94 eV
, where mi is the mass of i-th neutrino speie or Ων ∼ 6× 10−4.
Prompted by these new results and in partiular by the growing evidene that the osmologial onstant
(dark energy) is dierent from zero we want to analyze evolution of density perturbations in a model universe
lled in with matter, radiation and the osmologial onstant.
2 Evolution of density perturbations
We assume that the bakground universe is homogeneous and isotropi and its geometry is desribed by the
FriedmanRobertsonWalker line element
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
, (2)
where a(t) is the sale fator, k = +1, 0, −1, and we use units suh that the veloity of light c = 1. The
Einstein eld equations with the hydrodynamial energy-momentum tensor desribing the distribution of
matter and the osmologial onstant Λ redue to:
2
a¨
a
+
(
a˙
a
)2
+
k
a2
= −8πGp+ Λ, (3)
(
a˙
a
)2
+
k
a2
=
8πG
3
̺+
1
3
Λ. (4)
We assume that the universe is lled in with non relativisti matter (dust) and radiation (photons,
neutrinos and other relativisti partiles) but the non relativisti matter does not interat with radiation.
We understand that this is a rather drasti assumption and it restrits the appliability of our model to
the post deoupling period. The nature of dark matter partiles  the dominant onstituent of matter is
not known. From laboratory and astronomial observations it only follows that they interat very weekly
with baryons and photons and therefore dark matter partiles deoupled from the state of thermodynamial
equilibrium muh earlier than baryons, quite possibly at z ≫ 106.
2
We an therefore deompose the total density of matterenergy into dust and radiation and so
̺ = ̺r + ̺m, (5)
and
p =
1
3
̺r. (6)
In our model matter and radiation expand adiabatially and we have
̺ra
4 = const, (7)
and
̺ma
3 = const. (8)
The Friedman equation (4) supplemented by (5), (6), (7) and (8) form a losed system of equations.
Unfortunately when ̺r, ̺m, and Λ are all dierent from zero the Friedman equation an not be solved
analytially. However using the standard notation H =
a˙
a
and introduing the redshift parameter 1+z =
a0
a
equation (4) an be transformed into
H2(z) = H20
(
Ωr(1 + z)
4 +Ωm(1 + z)
3 +Ωk(1 + z)
2 +ΩΛ
)
. (9)
It is now apparent that if Ωr 6= 0 then suiently early as z → ∞ the density of radiation determines the
expansion rate of the universe.
The problem of evolution of small density perturbations in the Friedman universe was thoroughly dis-
ussed by Lifshitz in 1946. The general relativisti equations desribing evolution of small perturbations
have been extensively studied sine then. Here we are interested in evolution of density perturbations in the
pressureless (dust) omponent of matter. Hypersurfaes orthogonal to the dust matter ow oinide with
the equal proper time hypersurfaes, therefore the perturbation equation has the same form in both, the
Newtonian theory and relativisti gauge-invariant formalisms [2, 3, 4, 5, 6℄
∆¨ + 2H∆˙− 4πG̺m∆ = 0 , (10)
where by apital ∆ we denote the density ontrast ∆ =
δ̺
̺
measured on the ow orthogonal hypersurfaes,
and dot stands for the derivative with respet to time t. Sine the time dependene of H and ̺m is in the
general ase not known, instead of time we will use another independent variable x =
a(t)
a0
so x is hanging
from 0 to 1. Using the relation
dx
dt
= xH and (9) we transform the equation (10) into
x(Ωr +Ωmx+Ωkx
2 +ΩΛx
4)∆′′ + (Ωr +
3
2
Ωmx+ 2Ωkx
2 + 3ΩΛx
4)∆′ − 3
2
Ωm∆ = 0, (11)
where the prime denotes dierentiation with respet to x.
The dierential equation (11) has a very speial form, the oeients of the seond and rst derivative
are polynomials of the independent variable x. In turn the oeients of these polynomials form a vetor
Ω = {Ωm,Ωr,Ωk,ΩΛ} in the 4dimensional parameter spae. The Friedman equation (4) onstrains these
parameters imposing the ondition that
Ωr +Ωm +Ωk +ΩΛ = 1. (12)
3
In the parameter spae this relation denes a hyperplane. It means that only three of the parameters are
independent. The polynomial multiplying the seond derivative in the equation (11) determines the number
and positions of singular points of this equation in the nite domain. In the generi ase this equation has
six regular singular points inluding one at innity. For ertain values of Ωs some of the singular points
beame omplex. To study the general properties of this equation it is therefore natural to onsider the
independent variable as omplex. In the omplex domain the equation (11) is of Fuhs type [7℄ with six
regular singular points. General solutions of suh dierential equations are pratially unknown. We will
seek and investigate solutions of this equation in two ases: when ΩΛ = 0 equation (11) redues to the
Heune equation [8, 9, 10, 11℄ with four regular singular points, and in the general ase when ΩΛ 6= 0 the
equation (11) has six regular singular points.
3 Solutions with ΩΛ = 0
When ΩΛ = 0 the equation (11) assumes the form
x(Ωr +Ωmx+Ωkx
2)∆′′ + (Ωr +
3
2
Ωmx+ 2Ωkx
2)∆′ − 3
2
Ωm∆ = 0 . (13)
This equation has four regular singular points at x1 = 0, x2,3 =
−Ωm ∓
√
Ω2m − 4ΩkΩr
2Ωk
and x4 = ∞.
General disussion of solutions of this equation in the parameter spae {Ωm,Ωr,Ωk} will be provided after
we present some of the partiular solutions.
• The ase Ω = {Ωm, 0, 0, 0}. Exat solutions of equation (13) are known for partiular values of the
parameters Ω = {Ωm,Ωr,Ωk,ΩΛ}. When Ω = {Ωm, 0, 0, 0}, the equation (11) an be easily solved and we
get
∆ = c1∆+ + c2∆− = c1x+ c2x
− 3
2 , (14)
where by c1, c2 we denote arbitrary onstants not only here but throughout this paper. It is apparent that
∆+(x) does vanish at x = 0 and inreases with inreasing x. It desribes the growing mode of density
perturbations. The other solution ∆−(x) is singular at x = 0 and dereases with inreasing x. It desribes
the deaying mode of density perturbations. This solution was know already to Lifshitz in 1946 [12℄.
• The ase Ω = {Ωm,Ωr, 0, 0}. Slightly more general solution of the equation (13) is obtained when
Ω = {Ωm,Ωr, 0, 0} [13, 14℄
∆ = c1∆+ + c2∆− = c1
(
Ωr +
3
2
Ωmx
)
+ c2
15
4
Ω
3
2
m
Ω2r
(
−3
√
Ωr +Ωmx− 1√
Ωr
(
Ωr +
3
2
Ωmx
)
ln
√
Ωr +Ωmx−
√
Ωr√
Ωr +Ωmx+
√
Ωr
)
. (15)
As in the previous ase ∆+(x) desribes the growing mode of density perturbations, but now ∆+(0) =
Ωr. The other independent solution ∆−(x) is singular at x = 0 and dereases with inreasing x. The
normalization of these solutions has been hosen in suh a way that when Ωr → 0, ∆+ and ∆− tend to the
orresponding modes of the solution (14).
• The ase Ω = {Ωm, 0,Ωk, 0}. Another exat solution is obtained when the osmologial onstant is zero
and radiation is not present, in this ase the non zero parameters are Ω = {Ωm, 0,Ωk, 0} and the solution
an be written in the form [15, 6℄
∆ = c1∆+ + c2∆−
4
= c1
[
5
2
Ωm
Ωk
+
15
2
Ω2m
Ω2k
1
x
− 15
2
Ω
5
2
m
Ω
5
2
k
x−
3
2
√
1 +
Ωk
Ωm
x ln
(√
Ωk
Ωm
x+
√
1 +
Ωk
Ωm
x
)]
+ c2
√
1 +
Ωk
Ωm
xx−
3
2 . (16)
As before ∆+(x) desribes the growing mode of density perturbations, in this ase ∆+(0) = 0 and asymp-
totially for large x it tends to lim
x→∞
∆+(x) =
5
2
Ωm
Ωk
. The seond independent solution ∆−(x) is singular
at x = 0 and it dereases to zero when x → ∞. When Ωk → 0 then both modes of density perturbations
∆+ and ∆− tend to the orresponding modes of the solution (14).
• The ase Ω = {2√Ωr(1−√Ωr),Ωr,Ωk, 0}. Another partiular solution of the evolution equation (13) in
a form of rst several terms of a series expansion has been given by Guyot and Zeldovih [16℄. This solution
orresponds to the following hoie of the parameters Ω = {2√Ωr(1−
√
Ωr),Ωr,Ωk, 0} and for this hoie of
parameters two singular points of the equation (13) x2 = x3 overlap. In this ase the equation (13) assumes
the form
x(2Ωr +Ωmx)
2∆′′ + 2(Ωr +Ωmx)(2Ωr +Ωmx)∆
′ − 6ΩrΩm∆ = 0. (17)
This equation an be solved exatly and the exat solution is expressed by hypergeometri funtions
∆ = c1∆+ + c2∆−
= c1Ωr 2F1
(√
3 i,−
√
3 i, 1,
Ωmx
2Ωr +Ωmx
)
+c2
[
−
√
3π
sinh[
√
3π]
2Ω2r
2Ωr +Ωmx
2F1
(
1 +
√
3 i, 1−
√
3 i, 2,
2Ωr
2Ωr +Ωmx
)]
. (18)
Despite the appearane of imaginary unit the solutions are real beause the rst two arguments in the
funtion 2F1 are omplex onjugate of eah other. ∆+ desribes the growing mode with ∆+(0) = Ωr and
asymptotially for large x we get lim
x→∞
∆+(x) = Ωr
sinh(
√
3π)√
3π
. The seond independent solution represents
the deaying mode, it is singular at x = 0 and when x grows to innity this solution tends to zero.
• The ase Ω = {Ωm,Ωr,Ωk, 0}. Let us now return to the general disussion. From the expressions
determining the positions of the regular singular points x2 and x3 it is apparent that in this ase the
parameter spae is redued to the plane of {Ωr,Ωm}. Physially interesting is only a setion of this plane
desribed by Ωr ∈ [0, 1] and Ωm ∈ (0, 1] shown on Fig. 1. On this gure there are three regions: A, B and
C. The boundary urve between the regions B and C represents the ondition that two singular points
x2 and x3 overlap. This urve is desribed by the equation Ω
2
m − 4ΩkΩr = 0. This equation ombined
with the onstrain (12) with ΩΛ = 0 leads to an expliit equation of this urve Ωm = 2
√
Ωr(1 −
√
Ωr).
Therefore the solution presented by Guyot and Zeldovih [16℄ is very speial and in the parameter spae
{Ωr,Ωm} it is represented by a urve. The onstrain (12) with the additional assumption that ΩΛ = Ωk = 0
redues to an equation of a straight line Ωm + Ωr = 1, whih is a boundary between the regions A and
B. Therefore the regions B and C represent models with Ωk > 0 and the region A represents models with
Ωk < 0. In what follows we will onentrate on the region B (shadow region), as it is the most interesting
from the point of view of the present day observational data. The general equation desribing evolution
of the density perturbations (13) in the region B with Ω = {Ωm,Ωr,Ωk, 0} an be turned into the Heune
equation by the following transformation of the independent variable ξ =
(Ωm +
√
Ω2m − 4ΩrΩk)x
2Ωr + (Ωm +
√
Ω2m − 4ΩrΩk)x
,
whih shifts the positions of singular points of equation (13) form {x1, x2, x3, x4} to {0, d,∞, 1}, where d is
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Figure 1: The {Ωr,Ωm} plane with various domains and singularity points.
dened below. Then the parameters of the Heune equation are given by: α = 12 , β = 0, γ = 1, δ = 0, ǫ =
1
2 ,
d =
1
2
[
1 +
Ωm√
Ω2m − 4ΩrΩk
]
> 1, q =
3
2
Ωm√
Ω2m − 4ΩrΩk
and the equation assumes the anonial form of the
Heune equation (A.1). Solutions of this equation near the singular point ξ = 0 an be written in a form of
series (A.4) and (A.8)
∆ = c1∆+ + c2∆− = c1F (d, q;α, β, γ, δ; ξ) + c2G(d, q;α, β, γ, δ; ξ) , (19)
where F and G represent two independent solutions given in Appendix A. As in the previous ases ∆+ is
regular at ξ = 0 and represents the growing mode and ∆− is singular at ξ = 0 and desribes the deaying
mode. Solutions of the equation (17) with the redshift parameter z as an independent variable in a form of
a series expansion have been given by Rozgaheva and Sunyaev [17℄ but they do not disuss onvergene of
these series.
4 The general ase when ΩΛ 6= 0
• The ase Ω = {Ωm, 0, 0,ΩΛ}. Let us rst onsider some speial ases of partiular values of the parameters
suh that exat solutions of the evolution equation of density perturbations (11) are known. We start with
a ase when the universe is at and without radiation, so Ω = {Ωm, 0, 0,ΩΛ}. In this ase the general solution
6
of the equation (11) an be written down in the form
∆ = c1∆+ + c2∆− = c1x 2F1
(
1
3
, 1,
11
6
,−ΩΛ
Ωm
x3
)
+ c2
√
1 +
ΩΛ
Ωm
x3 x−
3
2
(20)
(see [19℄). ∆+(x) desribes the growing mode of density perturbations, in this ase we have ∆+(0) = 0 and
∆+(x) is monotonially growing and asymptotially it tends to lim
x→∞
∆+(x) =
5
6
√
π
Γ
[
2
3
]
Γ
[
5
6
] [
ΩΛ
Ωm
]−1/3
.
The seond independent solution∆−(x) is singular at x = 0 and it dereases with inreasing x asymptotially
tending to lim
x→∞
∆−(x) =
√
ΩΛ
Ωm
. When ΩΛ → 0 the solutions ∆+ and ∆− tend to (14). The solution
desribing the growing mode has been found by Eisenstein [20℄ and written in the form of an ellipti integral,
it turns out that it an be written in terms of hypergeometri funtion what is more onvenient to handle.
In [21℄ the solution ∆+(x) is written in terms of the inomplete beta-funtion.
• The ase Ω = {Ωm, 0,Ωk,ΩΛ}. When radiation is not present the parameter spae is spanned by
Ω = {Ωm, 0,Ωk,ΩΛ}. In this ase the general solution of equation (11) an be written down in the form [18℄
∆ = c1∆+ + c2∆− = c1
√
1 +
Ωk
Ωm
x+
ΩΛ
Ωm
x3 x−
3
2
∫
x3/2
(Ωm +Ωkx+ ΩΛx3)3/2
dx
+ c2
√
1 +
Ωk
Ωm
x+
ΩΛ
Ωm
x3 x−
3
2 . (21)
The integral appearing in (21) an be expressed in terms of the Jaobi ellipti funtions and its expliit form
is given in Appendix C.
• The ase Ω = {Ωm,Ωr,Ωk,ΩΛ}. The most general ase, when Ω = {Ωm,Ωr,Ωk,ΩΛ}, inludes many
osmologial models (see Appendix D) and therefore in what follows we will limit our disussion to the ase
when ΩΛ > 0. From the weak energy ondition for matter and radiation it follows that Ωm + Ωr ≥ 0 what
with ΩΛ ≥ 0 and Ωk ≥ 0 restrits the parameter spae to a ube with a size length equal to one [22℄
0 ≤ Ωm +Ωr ≤ 1, 0 ≤ Ωk ≤ 1, 0 ≤ ΩΛ ≤ 1. (22)
This ube then represents only models of the type (H) in Fig. 2 (see also Appendix D). In this general ase
the evolution equation (11) is of Fuhs type with six singular points. Positions of the proper singular points
are determined by the polynomial in front of ∆′′(x), so we have
x(Ωr +Ωmx+Ωkx
2 +ΩΛx
4) = 0. (23)
From the imposed onditions (22) it follows that the equation (23) does not posses positive roots. It is
apparent that one root is x1 = 0. The other roots are either all omplex or two are omplex and two are
negative. Using the standard tehnique of solving 4-th order algebrai equations [23℄ we nd that
x1 = 0,
x2 =
1
2
(u1 + v1 + w1),
x3 =
1
2
(−u1 − v1 + w1),
x4 =
1
2
(u1 − v1 − w1),
x5 =
1
2
(−u1 + v1 − w1),
x6 = ∞,
7
where we have added the singular point at innity and
u1 =
[√
a2 + b2 + a
2
]1/2
+ i
[√
a2 + b2 − a
2
]1/2
,
v1 =
[√
a2 + b2 + a
2
]1/2
− i
[√
a2 + b2 − a
2
]1/2
,
w1 = −
√
−2a− 2 Ωk
ΩΛ
,
a = −1
2
{[
−q/2 +
√
D
]1/3
+
[
−q/2−
√
D
]1/3}
− 2
3
Ωk
ΩΛ
,
b = −1
2
{[
−q/2 +
√
D
]1/3
−
[
−q/2−
√
D
]1/3}
,
while D = q2/4 + p3/27, p = −Ω
2
k + 12ΩrΩΛ
3Ω2Λ
, q = −2Ω
3
k + 27Ω
2
mΩΛ − 72ΩrΩkΩΛ
27Ω3Λ
. We ordered the roots in
suh a way that x2 is the losest one to x1. With suh order of the roots the homographi transformation
ξ =
x
x− x2 moves the singular points {x1, x2, x3, x4, x5, x6} of the equation (11) into {0,∞, d1, d2, d3, 1},
where d1 =
x3
x3 − x2 , d2 =
x4
x4 − x2 , and d3 =
x5
x5 − x2 . This transformation maps the interval x ∈ (0,∞) into
ξ ∈ (0, 1). Under this transformation the equation (11) assumes its anonial form (B.1) with the following
values of the parameters α = 12 , β = 0, γ = 1, δ = −1, ǫ1 = ǫ2 = ǫ3 = 12 . The additional parameters
are given by q = −q0, q1 = −2q0, q2 = q0 where q0 = 3Ωmx2
8Ωr + 6Ωmx2 + 4Ωkx22
. The general solution of the
equation (11) near the singular point ξ = 0 an be expressed in terms of the series (B.4) and (B.9) (see
Appendix B) and we have
∆ = c1∆+ + c2∆− = c1F (d1, d2, d3, q, q1, q2;α, β, γ, δ, ǫ1, ǫ2; ξ) + c2G(d1, d2, d3, q, q1, q2;α, β, 1, δ, ǫ1, ǫ2; ξ).
(24)
The solution ∆+ represents the growing mode and ∆+(0) 6= 0. The solution ∆− represents the dereasing
mode whih is singular at ξ = 0.
Conlusions
The general solutions of the equation that governs evolution of density perturbations derived and disussed
above an be used to estimate the ampliation fator of their amplitude. Unfortunately very little is known
about properties of the dark matter partiles and their interations with the baryoni matter. We will assume
that dark matter partiles deoupled from the state of thermodynamial equilibrium at z ≈ 108. This is
quite onservative estimate but our general onlusions only weakly depend on this assumption. From the
present values of radiation energy density and matter density Ωr ≈ 5·10−5 and Ωm ≈ 0.7 it follows that until
about z ≈ 104 the universe was radiation dominated and from that moment to about z ≈ 0.4 it was matter
dominated and only reently its expansion rate beame dark energy dominated. Using eq. (24) we alulated
the ampliation fator of the amplitude of density perturbations in a universe with Ωm = 0.3, ΩΛ = 0.7,
Ωr = 5·10−5 and we got that ∆+(z = 104)/∆+(z = 108) ≈ 1.9, ∆+(z = 0)/∆+(z = 104) ≈ 3691 and
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∆+(z = 0)/∆+(z = 10
8) ≈ 7012. Using eq. (24) we also alulated this ampliation fator for an open CDM
model with Ωm = 0.3, Ωr = 5·10−5 and Ωk = 0.7 and we obtained that ∆+(z = 104)/∆+(z = 108) ≈ 1.9,
∆+(z = 0)/∆+(z = 10
4) ≈ 2170 and ∆+(z = 0)/∆+(z = 108) ≈ 4122. This result onrms the well known
fat (see [5, 6℄) that when the expansion rate of the universe is determined by the energy of radiation and
relativisti partiles the density perturbations grow very slowly (see eq. (15)). The amplitude of density
perturbations grows by a fator of about few times 103 in subsequent epohs. This puts strong onstrains
on the proess of generation of the primordial density perturbations. The initial amplitude of the primordial
density perturbations has to be suiently large to grow to ∆+ ≈ 1 at z ≈ 10 in order to produe the
observed large sale struture of matter distribution in the universe. This result only weakly depends on the
existene of dark energy. It is now almost universally aepted that the primordial density perturbations
have been reated during the epoh of very early ination. Unfortunately so far a suiently detailed model
of ination has not yet been proposed. Our results show that the onstrains plaed on the mehanism
of generation of the primordial density perturbations by the observed large sale struture distribution of
baryoni and dark matter only weakly depend on the existene of dark energy.
Aknowledgments
While working on this paper one of us, MD, has been supported in part by the Polish State Committee for
Sienti Researh grant Nr. 1-P03D-014-26.
Appendix A
A seond order linear dierential equation with four regular singular points z = {0, 1, d,∞} in its anonial
form is known as the Heune equation [8, 9, 10, 11℄, it has the form
f ′′(ξ) +
(
γ
ξ
+
δ
ξ − 1 +
ǫ
ξ − d
)
f ′(ξ) +
αβξ − q
ξ(ξ − 1)(ξ − d)f(ξ) = 0, (A.1)
where α, β, γ, δ, ǫ, d and q are onstants. The Heune equation is a natural generalization of the hypergeo-
metri equation. The Heune equation and its solutions are determined by the Riemann P -symbol
P


0 1 d ∞
0 0 0 α ; ξ
1− γ 1− δ 1− ǫ β

 . (A.2)
However this symbol does not fully determine the Heune equation and its solutions beause the equation
ontains an additional parameter q. The parameters α, β, γ, δ, ǫ are not independent and they are
onstrained by the Fuhs invariant
1 + α+ β = γ + δ + ǫ. (A.3)
The solution of the equation (A.1), whih is regular at ξ = 0 is known as the Heune funtion and it is
dened by the series [10℄
F (d, q;α, β, γ, δ; ξ) = 1 +
∞∑
n=1
cn
n!(γ)nd
n ξ
n, (A.4)
where (γ)n ≡ γ(γ+1) · · · (γ+n−1) is the Pohhammera symbol dened for γ 6= 0,−1,−2 . . . The oeients
cn of the series (A.4) are determined by a reurrene relation of the third order
cn = {(n− 1) [α+ β − δ + n− 1 + (γ + δ + n− 2)d] + q} cn−1−(α+n−2)(β+n−2)(γ+n−2)(n−1)d cn−2,
(A.5)
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for n ≥ 2, with the initial ondition
c0 = 1, c1 = q . (A.6)
The onvergene radius of this series (A.4) is determined by the distane from the point ξ = 0 to the nearest
singular point (the radius of onvergene R = 1 for |d| > 1 or R = |d| for |d| < 1). The seond independent
solution near the point ξ = 0 with the exponent 1− γ (γ 6= 1) has the form
ξ1−γF (d, q1; 1 + α− γ, 1 + β − γ, 2− γ, δ; ξ), (A.7)
where q1 = q + (1 − γ)(1 + α+ β − γ + (d− 1)δ). When γ = 1 both solutions (A.4) and (A.7) are idential
and then the seond independent solution ontains a logarithm (see [11℄) and it has the form
G(d, q;α, β, 1, δ; ξ) = F (d, q;α, β, 1, δ; ξ) ln ξ +
∞∑
n=0
bnξ
n. (A.8)
The oeients bn of the series (A.8) are determined by the reurrene relation
bn =
1
dn2
{[q + (1 + α+ β − δ + (δ + 1)d+ (d+ 1)(n− 2))(n− 1)] bn−1
− [αβ + (α+ β)(n− 2) + (n− 2)2] bn−2 − 2 dn
dn(n!)2
cn
+ [1 + α+ β − δ + (δ + 1)d− (d+ 1)(1− 2(n− 1))] 1
dn−1[(n− 1)!]2 cn−1
− [α+ β + 2(n− 2)] 1
dn−2[(n− 2)!]2 cn−2 } . (A.9)
for n ≥ 2, with the initial onditions
b0 = 0, b1 =
1
d
[α+ β + δ(d− 1)− 2c1] . (A.10)
Appendix B
A seond order linear dierential equation with six regular singular points z = {0, 1, d1, d2, d3,∞} an be
written down in the following anonial form
f ′′(ξ) +
(
γ
ξ
+
δ
ξ − 1 +
ǫ1
ξ − d1 +
ǫ2
ξ − d2 +
ǫ3
ξ − d3
)
f ′(ξ) +
αβξ3 + q2ξ
2 + q1ξ − q
ξ(ξ − 1)(ξ − d1)(ξ − d2)(ξ − d3)f(ξ) = 0, (B.1)
and it is a generalization of the Heune equation. With the equation (B.1) one an assoiate the Riemann
P -symbol
P


0 1 d1 d2 d3 ∞
0 0 0 0 0 α ; ξ
1− γ 1− δ 1− ǫ1 1− ǫ2 1− ǫ3 β

 . (B.2)
Beause the equation (B.1) ontains three additional parameters {q, q1, q2} therefore the Riemann P -symbol
(B.2) does not uniquely determine the form of the dierential equation. The Fuhs invariant puts additional
onstrains on the parameters that appear in the equation α, β, γ, δ, ǫ1, ǫ2, ǫ3 imposing the relation
1 + α+ β = γ + δ + ǫ1 + ǫ2 + ǫ3. (B.3)
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The solution of the equation (B.1) whih is regular at ξ = 0 is a funtion that is a generalization of the
series (A.4), it is given by
F (d1, d2, d3, q, q1, q2;α, β, γ, δ, ǫ1, ǫ2; ξ) = 1 +
∞∑
n=1
cn
n!(γ)nd
n
1d
n
2d
n
3
ξn. (B.4)
The oeients cn in the series (B.4) are determined by a reurrene relation of the fth order
cn = Pncn−1 +Qncn−2 +Rncn−3 + Sncn−4, (B.5)
where
Pn = −q + (n− 1)(d2d3(γ + ǫ1 + n− 2) + d1(d3(γ + ǫ2 + n− 2)
+ d2(γ + n− 2 + d3(γ + δ + n− 2) + ǫ3))),
Qn = −d1d2d3(n− 1)(γ + n− 2)(q1 + d3(n− 2)(γ + ǫ1 + ǫ2 + n− 3) + d2(n− 2)(γ + ǫ1 + n− 3
+ d3(γ + δ + ǫ1) + ǫ3 + n− 3) + d1(n− 2)(γ + ǫ2 + n− 3 + d3(γ + δ + ǫ2 + n− 3) + ǫ3
+ d2(γ + δ + ǫ3 + n− 3))),
Rn = d
2
1d
2
2d
2
3(n− 2)(n− 1)(γ + n− 3)(γ + n− 2)(12d3 + (1 + d3)(n2 + (γ + ǫ1 + ǫ2 − 7)n)− γq2
− 3d3(γ + δ + ǫ1 + ǫ2) + nǫ3 + d3δn+ d2(n− 3)(γ + δ + ǫ1 + ǫ3 + n− 4)
+ d1(n− 3)(γ + δ + ǫ2 + ǫ3 + n− 4)− 3(γ + ǫ1 + ǫ2 + ǫ3 − 4)),
Sn = −d31d32d33(n− 3)(n− 2)(n− 1)(γ + n− 4)(γ + n− 3)(γ + n− 2)(αβ − 4(γ + δ + ǫ1 + ǫ2 + ǫ3 − 5)
+ n(γ + δ + ǫ1 + ǫ2 + ǫ3 + n− 2)), (B.6)
for n ≥ 4, with initial onditions
c0 = 1,
c1 = q,
c2 = q
2 + [γ(d2d3 + d1(d2 + d3 + d2d3)) + δd1d2d3 + d2d3ǫ1 + d1d3ǫ2 + d1d2ǫ3] q − γ d1d2d3 q1,
c3 = q
3 + [(2 + 3γ)(d1d2 + d1d3 + d2d3 + d1d2d3) + 3d1d2d3 + 3(d2d3ǫ1 + d1d3ǫ2 + d1d2ǫ3)]q
2
+ [2d22d
2
3(γ + ǫ1)(1 + γ + ǫ1) + 2d
2
1(d
2
3(γ + ǫ2)(1 + γ + ǫ2) + d2d3((1 + d3)γ
2 + 2ǫ2 (d3δ + ǫ3)
+ γ(1 + ǫ2 + d3(1 + δ + ǫ2) + ǫ3)) + d
2
2((1 + d3 + d
2
3)γ
2 + d23δ(1 + δ) + ǫ3 + 2d3δǫ3 + ǫ
2
3
+ γ(1 + 2ǫ3 + d3(1 + d3 + δ + 2d3δ + ǫ3)))) + d1d2d3(−(2 + 3γ)q1 + 2(d3γ(1 + γ + ǫ1)
+ d3(γ + 2ǫ1)ǫ2 + d2((1 + d3)γ
2 + 2ǫ1d3δ + ǫ3) + γ(1 + ǫ1 + d3(1 + δ + ǫ1) + ǫ3))))]q
− 2γ[((δ + 1)d21d22d23 + d1d22d23 + d21d2d23 + d21d22d3 + d1d22d23ǫ1 + d21d2d23ǫ2 + d21d22d3ǫ3)q1 + d21d22d23q2]
− 2γ2[(d21d22d3 + d21d2d23 + d1d22d23 + d21d22d23)q1 + d21d22d23q2].
(B.7)
The onvergene radius of the series (B.4) is determined by the distane between the point ξ = 0 and
the nearest singular point (the radius of onvergene R = min{1, |d1|, |d2|, |d3|}). The seond independent
solution near the point ξ = 0 with the exponent 1− γ (γ 6= 1) has the form
ξ1−γF (d1, d2, d3, qˆ, qˆ1, qˆ2; 1 + α− γ, 1 + β − γ, 2− γ, δ, ǫ1, ǫ2; ξ), (B.8)
where qˆ = q+(1−γ)(d2d3ǫ1+d1(d2d3δ+d3ǫ2+d2ǫ3)), qˆ1 = q1+(1−γ)(d3(ǫ1+ǫ2)+d2(ǫ1+d3(δ+ǫ1)+ǫ3)+
d1(ǫ2+d3(δ+ǫ2)+ǫ3+d2(δ+ǫ3))), qˆ2 = q2−(1−γ)(d3δ+ǫ1+d3ǫ1+ǫ2+d3ǫ2+ǫ3+d2(δ+ǫ1+ǫ3)+d1(δ+ǫ2+ǫ3)).
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When γ = 1 both solutions (B.4) and (B.7) are idential and then the seond independent solution ontains
a logarithmi term and is given by
G(d1, d2, d3, q, q1, q2;α, β, 1, δ, ǫ1, ǫ2; ξ) = F (d1, d2, d3, q, q1, q2;α, β, 1, δ, ǫ1, ǫ2; ξ) ln ξ +
∞∑
n=0
bnξ
n. (B.9)
The oeients bn of the series (B.8) are determined by the following reurrene relation
bn = P
b
nbn−1 +Q
b
nbn−2 +R
b
nbn−3 + S
b
nbn−4 + P
c
ncn +Q
c
ncn−1 +R
c
ncn−2 + S
c
ncn−3 + T
c
ncn−4, (B.10)
where
P bn =
1
n2d1d2d3
[q + d2d3(n− 1)(n− 1 + ǫ1) + d1(n− 1)(d3(n− 1ǫ2)d2(n− 1 + δ) + ǫ3))],
Qbn = −
1
n2d1d2d3
[q1 + d1(n− 2)(n− 2 + d2(n− 2 + δ + ǫ3) + d3(n− 2 + δ + ǫ2) + ǫ2 + ǫ3)
+ d2(n− 2)(n− 2 + d3(n− 2 + δ + ǫ1) + ǫ1 + ǫ3) + d3(n− 2)(n− 2 + ǫ1 + ǫ2)],
Rbn = −
1
n2d1d2d3
[q2 + (n− 3)(d1(1 + δ + ǫ2 + ǫ3) + d2(1 + δ + ǫ1 + ǫ3) + d3(1 + δ + ǫ1 + ǫ2)
− (n− 4)(n− 3)(1 + d1 + d2 + d3) + ǫ3)],
Sbn = −
1
n2d1d2d3
[αβ + (n− 4)(n− 4 + δ + ǫ1 + ǫ2 + ǫ3)],
P cn = −
2
n(n!)2(d1d2d3)n
,
Qcn = −
1
[(n− 1)!n]2(d1d2d3)n [d1(d3(2n− 2 + ǫ2) + d2(2n− 2 + d3(2n− 2 + δ) + ǫ3)) + d2d3(2n− 2 + ǫ1)],
Rcn = −
1
[(n− 2)!n]2(d1d2d3)n−1 [d1(2n− 4 + ǫ2 + ǫ3 + d3(2n− 4 + δ + ǫ2) + d2(2n− 4 + δ + ǫ3))
+ d2(2n− 4 + ǫ1 + ǫ3 + d3(2n− 4 + δ + ǫ1)) + d3(2n− 4 + ǫ1 + ǫ2)],
Scn = −
1
[(n− 3)!n]2(d1d2d3)n−2 [d1(2n− 6 + δ + ǫ2 + ǫ3) + d2(2n− 6 + δ + ǫ1 + ǫ3)
+ d3(2n− 6 + δ + ǫ1 + ǫ2) + 2n− 6 + ǫ1 + ǫ2 + ǫ3],
T cn = −
1
[(n− 4)!n]2(d1d2d3)n−3 [2n− 8 + δ + ǫ1 + ǫ2 + ǫ3], (B.11)
for n ≥ 4, with the initial onditions
b0 = 0,
b1 =
1
d1d2d3
[d2d3ǫ1 + d1(d3ǫ2 + d2(d3δ + ǫ3))− 2c1] ,
b2 =
1
4d21d
2
2d
2
3
{[d2d3ǫ1 + d1(d3ǫ2 + d2(d3δ + ǫ3))]q + d2d3ǫ1(d2d3(1 + ǫ1) + 2d1d3ǫ2 + 2d1d2(d3δ + ǫ3))
+d21(d
2
3ǫ2(1 + ǫ2) + 2d2d3ǫ2(d3δ + ǫ3) + d
2
2(d
2
3δ(1 + δ) + (1 + 2d3δ + ǫ3)ǫ3))
−[2q + d2d3ǫ1 + d1(d2d3δ + d3ǫ2 + d2ǫ3)]c1 − c2} ,
b3 =
1
108d31d
3
2d
3
3
{
3[d2d3ǫ1 + d1(d3ǫ2 + d2(d3δ + ǫ3))]q
2 + 3[−d22d23ǫ1(5 + 3ǫ1)− 2d1d2d3(d3(2ǫ1 + 2ǫ2 + 3ǫ1ǫ2)
12
+ d2(2d3δ + 2ǫ1 + 2d3ǫ1 + 3d3δǫ1 + 2ǫ3 + 2ǫ1ǫ3))− d21(d23ǫ2(5 + 3ǫ2) + 2d2d3(2ǫ2 + d3(2δ + 2ǫ2 + 3δǫ2)
+ 2ǫ3 + 3ǫ2ǫ3) + d
2
2(d
2
3δ(5 + 3δ) + ǫ3(5 + 3ǫ3) + d3(4δ + 4ǫ3 + 6δǫ3)))]q
− 12d1d2d3[d2d3ǫ1 + d1(d2ǫ2 + d2(d3δ + ǫ3))]q1 + 6(d32d33ǫ1(2 + 3ǫ1 + ǫ21) + 3d21d2d33ǫ1ǫ2(1 + ǫ2)
+ 6d21d
2
2d
2
3ǫ1ǫ2(d3δ + ǫ3) + 3d
2
1d
3
2d3ǫ1(d
3
3δ(1 + δ) + 2d3δǫ3 + ǫ3(1 + ǫ3))
+ 3d1d
2
2d
2
3ǫ1(1 + ǫ1)(d3ǫ2 + d2(d3δ + ǫ3)) + d
3
1(d
3
3ǫ2(2 + 3ǫ2 + ǫ
2
2) + 3d2d
2
3ǫ2(1 + ǫ2)(d3δ + ǫ3)
+ 3d22d3ǫ2(d
2
3δ(1 + δ) + 2d3δǫ3 + ǫ3(1 + ǫ3)) + d
3
2(d
3
3δ(2 + 3δ + δ
2) + 3d3δ(1 + δ)ǫ3 + 3d3δǫ3(1 + ǫ3)
+ ǫ3(2 + 3ǫ3 + ǫ
2
3))))
+ [−6q2 + 3(d2d3(8 + 5ǫ1) + d1d3(8 + 5ǫ2) + d1d2(8 + 8d3 + 5d3δ + 5ǫ3))q
+ 3(−2d22d23ǫ1(2 + ǫ1)− 4d1d2d3(−2q1 + d3ǫ1ǫ2)− 4d1d22d3ǫ1(d3δ + ǫ3)− 2d21(d23ǫ2(2 + ǫ2)
+ 2d2d3ǫ2(d3δ + ǫ3) + d
2
2(d
2
3δ(2 + δ) + 2d3δǫ3 + (2 + ǫ3)ǫ3))))]c1
− 3[q + d2d3ǫ1 + d1(d2d3δ + d3ǫ2 + d2ǫ3)]c2 − 2c3} .
(B.12)
Appendix C
To evaluate the integral ∫
x3/2
(Ωm +Ωkx+ΩΛx3)3/2
dx , (C.1)
it is neessary to resolve the third order polynomial
Ωm +Ωkx+ΩΛx
3 = 0, (C.2)
into elementary prime fators. The number of real roots of this polynomial (C.2) is determined by the sign
of its disriminant
D = 4Ω
3
k + 27Ω
2
mΩΛ
108Ω3Λ
. (C.3)
There are three possibilities:
(a) D = 0. This ours when ΩΛ = − 4Ω
3
k
27Ω2
m
and then the polynomial (C.2) an be represented as
Ωm +Ωkx+ΩΛx
3 =
1
27Ω2m
(3Ωm − Ωkx)(3Ωm + 2Ωkx)2 = 0. (C.4)
In this ase the integral (C.1) an be expressed by elementary funtions and we get
∗ (O) models (Fig. 4) for Ωk > 0 and x ∈ (0, 3Ωm/Ωk)
√
3Ωm
√
x (9Ω2m + 9ΩkΩmx+ 8Ω
2
kx
2)
2Ω2k
√
3Ωm − Ωkx (3Ωm + 2Ωkx)2
− Ωm
2Ω
5/2
k
arctan
√
3Ωkx
3Ωm − Ωkx , (C.5)
and
∗ (O) models (Fig. 2) for Ωk < 0 and x ∈ (0,− 32Ωm/Ωk)
√
3Ωm
√
x (9Ω2m + 9ΩkΩmx+ 8Ω
2
kx
2)
2Ω2k
√
3Ωm − Ωkx (3Ωm + 2Ωkx)2
− Ωm
2Ω2k
√−Ωk
arctanh
√
− 3Ωkx
3Ωm − Ωkx . (C.6)
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(b) D > 0. This happens when ΩΛ > 0 and 4Ω3k + 27Ω2mΩΛ > 0 or ΩΛ < 0 and 4Ω3k + 27Ω2mΩΛ < 0. In this
ase the polynomial (C.2) has one real root and two omplex ones. In this ase the polynomial (C.2) an
be written as
Ωm + Ωkx+ΩΛx
3 = ΩΛ(x− α)(q + px+ x2) = 0, (C.7)
where α =
(
− Ωm2ΩΛ +
√D
)1/3
+
(
− Ωm2ΩΛ −
√D
)1/3
, q = ΩkΩΛ +α
2
and p = α. In this ase the integral (C.1)
is given by
∗ (H) models (Fig. 2) for ΩΛ > 0 and 4Ω3k + 27ΩΛΩ2m > 0, and x ∈ (0,∞)
− 2(−9q
2α2 + 3qα(q − α2)x+ 2(q − α2)2x2)
Ω
3/2
Λ (−4q + α2)(q + 2α2)2
√
x(x− α)(q + αx+ x2)
+
18q3/2α2
Ω
3/2
Λ (4q − α4)(q + 2α2)2
√
(x− α)(q + αx + x2)√
x(
√
q(x− α2)
√
q + 2α2x)
− 18q
5/4α
Ω
3/2
Λ (4q − α4)(q + 2α2)7/4
E (arccos(u), k)− 3q
3/4α(−3√q +
√
q + 2α2)
Ω
3/2
Λ (4q − α4)(q + 2α2)7/4
F (arccos(u), k) . (C.8)
where u =
√
q(x−α)−x
√
q+2α2
√
q(x−α)+x
√
q+2α2
and k =
[
1
2 +
2q+α2
4
√
q(q+2α2)
]1/2
,
and by
∗ (O) models (Fig. 4) for ΩΛ < 0 and 4Ω3k + 27ΩΛΩ2m < 0, and x ∈ (0, α)
− 2((2q + α
2)x+ 3qα)
√
x
(−ΩΛ)3/2(4q − α2)(q + 2α2)
√
(α− x)(q + αx + x2)
+
18qα2
(−Ω3/2Λ )(4q − α4)(q + 2α2)3/2
√
q + αx+ x2√
α− x(√q(α− x) +
√
q + 2α2x)
− 18q
5/4α
(−ΩΛ)3/2(4q − α2)(q + 2α2)7/4E (arccos(u), k) +
3q3/4α(3
√
q +
√
q + 2α2)
(−ΩΛ)3/2(4q − α2)(q + 2α2)7/4F (arccos(u), k) ,
(C.9)
where u =
√
q(α− x)− x
√
q + 2α2
√
q(α− x) + x
√
q + 2α2
and k =
[
1
2
− 2q + α
2
4
√
q(q + 2α2)
]1/2
.
() D < 0. This ase ours when ΩΛ > 0 and 4Ω3k+27Ω2mΩΛ < 0 or ΩΛ < 0 and 4Ω3k+27Ω2mΩΛ > 0. Then
the polynomial (C.2) an be written as
Ωm +Ωkx+ΩΛx
3 = ΩΛ(x− α)(x − β)(x − γ) = 0. (C.10)
When ΩΛ < 0 and 4Ω
3
k + 27Ω
2
mΩΛ > 0 we have
α = 2
√
Ωk
−3ΩΛ cos
[
φ
3
]
, β = −2
√
Ωk
−3ΩΛ cos
[
φ
3
+
π
3
]
, γ = −2
√
Ωk
−3ΩΛ cos
[
φ
3
− π
3
]
,
where φ = arccos
[
Ωm
−2ΩΛ
(
Ωk
−3ΩΛ
)−3/2]
.
When ΩΛ > 0 and 4Ω
3
k + 27Ω
2
mΩΛ < 0 we have
α = 2
√−Ωk
3ΩΛ
cos
[
φ
3
− π
3
]
, β = 2
√−Ωk
3ΩΛ
cos
[
φ
3
+
π
3
]
, γ = −2
√−Ωk
3ΩΛ
cos
[
φ
3
]
,
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where φ = arccos
[
Ωm
2ΩΛ
(
−Ωk
3ΩΛ
)−3/2]
.
∗ This ase orresponds to (O) models (Fig. 4) for ΩΛ < 0 and 4Ω3k + 27Ω2mΩΛ > 0. The roots of the
polynomial (C.10) have been hosen so that α > 0 > β > γ, and x ∈ (0, α). In this ase the integral
(C.1) an be expressed by the ellipti integrals
2(αγ(α− 2β + γ) + (α(β − 2γ) + βγ)x)√x
(α− β)(β − γ)(α− γ)2
√
(α− x)(x − β)(x − γ)(−ΩΛ)3/2
+
2γ[(β + γ)(α2 + βγ) + α(α2 − 6βγ + γ2)]
(α− β)(α − γ)2(β − γ)2
√
−γ(α− β)(−ΩΛ)3/2
E
(
arcsin
√
u, k
)
+
2βγ(−2α+ β + γ)
(α− β)(α − γ)(β − γ)2
√
−γ(α− β)(−ΩΛ)3/2
F
(
arcsin
√
u, k
)
, (C.11)
where u =
(α− β)x
α(x− β) and k =
[
α(γ − β)
(α− β)γ
]1/2
.
∗ (B) models (Fig. 2) for ΩΛ > 0 and 4Ω3k + 27Ω2mΩΛ < 0. The roots of the polynomial (C.10) have
been ordered so that α > β > 0 > γ, and x ∈ (α,∞). The integral (C.1) is given in terms of the ellipti
integrals
2β[(β + γ)(α2 + βγ) + α(β2 − 6βγ + γ2)]
[(α− β)(α − γ)(β − γ)]2Ω3/2Λ
√
(x− α)(x − γ)√
x(x− β)
− 2αβγ((β + γ)(α
2 + βγ) + α(β2 − 6βγ + γ2))
[(α− β)(α− γ)(β − γ)]2Ω3/2Λ
√
x(x − α)(x − β)(x− γ)
+
2[β2γ2(−2α+ β + γ) + α3(β2 + γ2) + α2(β + γ)(β2 − 3βγ + γ2)]x
[(α− β)(α − γ)(β − γ)]2Ω3/2Λ
√
x(x − α)(x − β)(x − γ)
− 4[α
2(β2 − βγ + γ2) + βγ(βγ − α(β + γ))]x2
[(α − β)(α− γ)(β − γ)]2Ω3/2Λ
√
x(x − α)(x − β)(x− γ)
−2
√
α[(β + γ)(α2 + βγ) + α(β2 − 6βγ + γ2)]
(α− β)2(α− γ)2(β − γ)3/2Ω3/2Λ
E
(
arcsin
√
u, k
)
+
2
√
αγ(α− 2β + γ)
(α− β)(α− γ)2(β − γ)3/2Ω3/2Λ
F
(
arcsin
√
u, k
)
, (C.12)
where u =
(β − γ)(x− α)
(α− γ)(x− β) and k =
[
β(α− γ)
α(β − γ)
]1/2
.
∗ (O) models (Fig. 2) for ΩΛ > 0 and 4Ω3k+27Ω2mΩΛ < 0. The roots of the polynomial (C.10) have been
ordered so that α > β > 0 > γ and x ∈ (0, β). In this ase the integral (C.1) an be also expressed by
the ellipti integrals
− 2αβγ[(β + γ)(α
2 + βγ) + α(β2 − 6βγ + γ2)]
[(α− β)(α− γ)(β − γ)]2Ω3/2Λ
√
x(α − x)(β − x)(x − γ)
+
2[β2γ2(−2α+ β + γ) + α3(β2 + γ2) + α2(β + γ)(β2 − 3βγ + γ2)]x
[(α− β)(α − γ)(β − γ)]2Ω3/2Λ
√
x(α − x)(β − x)(x − γ)
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− 4[α
2(β2 − βγ + γ2) + βγ(βγ − α(β + γ))]x2
[(α − β)(α− γ)(β − γ)]2Ω3/2Λ
√
x(α − x)(β − x)(x − γ)
−2α[α
2(β + γ)(α2 + βγ) + α(β2 − 6βγ + γ2)]
[(α− β)(α − γ)(β − γ)]2Ω3/2Λ
√
(β − x)(x − γ)√
x(α− x)
+
2
√
α[(β + γ)(α2 + βγ) + α(β2 − 6βγ + γ2)]
(α− β)2(α− γ)2(β − γ)3/2Ω3/2Λ
E (arcsin
√
u1, k)
+
2γ[(β + γ)(α2 + βγ) + α(β2 − 6βγ + γ2)]
√
α(α − β)(α− γ)2(β − γ)5/2Ω3/2Λ
F (arcsin
√
u1, k)
− 2βγ(−2α+ β + γ)√
α(α− β)(α − γ)2(β − γ)5/2Ω3/2Λ
F (arcsin
√
u2, k) , (C.13)
where u1 =
α(β − x)
β(α− x) , u2 =
(β − γ)x
β(x − γ) and k =
[
β(α− γ)
α(β − γ)
]1/2
.
Appendix D
The standard lassiation of the Friedman osmologial models desribing evolution of the universe that
is lled in with dust, radiation and non zero osmologial onstant is based on a tehnique used already
by Friedman who studied the behavior of the urve x˙(t) = 0 (the so alled zero veloity urve). The zero
veloity urve orresponds to the isolines in higher dimensional dynamial systems. (However in our ase
the equation x˙(t) = 0 does not determine positions of the xed points. In the Friedman equation x˙(t)
appears squared and therefore in the equation x˙(t) = F (x) the right hand side does not dene dieomorphi
mapping at x = 0.
In the lassial papers ([24, 25℄, see also [26, 27, 28℄) the zero veloity urve is determined on the surfae
{x,ΩΛ}. We use a more transparent lassiation on the surfae {x,Ωk} on whih it is easy to identify
solutions that orrespond to phase trajetories in the lassiation of Belinsky and Khalatnikov [29℄. From
the Friedman equation (4) and (5), (7), (8) and the denitions of the Omega parameters (1) we get
1
H20
x˙2(t)
x2(t)
=
Ωr
x4(t)
+
Ωm
x3(t)
+
Ωk
x2(t)
+ ΩΛ, (D.1)
where x(t) = a(t)a0 . In this ase the equation that determines the isoline has the form
− Ωk = 1
x− 1 + (1 + x+ x
2)ΩΛ − Ωr
x
. (D.2)
The isoline has a vertial asymptote at x = 1. From the point of view of osmologial appliations the
most interesting is the region where Ωm ≥ 0 and Ωr ≥ 0. In Figs. 2, 3 and 4 the non physial region where
x˙ is omplex is shaded and denoted as forbidden. In Figs. 2, 3 and 4 we represent respetively the allowed
parameter spae for Λ > 0, Λ = 0 and Λ < 0 restrited to the half plane representing universes with positive
mass-energy density.
In eah of this gures the allowed osmologial models are represented by horizontal segments or half
lines in the non shaded region that is bounded by the zero veloity urve. The models (O) are osillating.
For suh models the universe starts its evolution form singularity and the universe expands until x˙ = 0 and
then ontrats to the nal singularity. The models (B) are possible only for Λ > 0, they represent the non
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Figure 2: The {x,Ωk} plane for ΩΛ > 0.
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Figure 3: The {x,Ωk} plane for ΩΛ = 0.
singular Lanzos models. Suh models desribe the universe that starts expanding from a nite volume and
expands to innity. There is a possibility of bouning when the universe initially ontrats having a nite
volume larger than the minimal possible for the given set of parameters. The half line that is tangent to the
zero veloity urve represents two models E1 and E2 both approahing the stati Einstein model (E) (the
point of intersetion) orrespondingly in the forward and bakward diretion in time. The horizontal half line
below the ritial one represents the Lemaître models. The x axis represents the at models (paraboli (P)
models in the Ehlers-Rindler lassiation [28℄) and the half lines below represent universes with negative
spaial urvature (hyperboli (H) models in the Ehlers-Rindler lassiation [28℄). When Λ = 0 the spae of
solutions ontains only models (O), (P), (H) and the Minkowski spae. When Λ < 0 only osillating models
(O) are possible.
Let us note that the zero veloity urve x˙ = 0 does not ross the line x = 0. The rossing ondition
ΩΛx
4 +Ωmx+Ωr = 0 (D.3)
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Figure 4: The {x,Ωk} plane for ΩΛ < 0.
does not have real solutions when all {ΩΛ,Ωm,Ωr} are positive. It means that the osmologial models
with negative spaial urvature and positive osmologial onstant independently on the values of the other
osmologial parameters always start their evolution from the initial singularity and expand to innity. We
onsider those models in our analysis of evolution of density perturbations.
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